T
he flexural strength theory of prestressed concrete members is well established. The assumptions of equivalent rectangular stress block and plane sections remaining plane after loading are commonly accepted. However, the flexural strength analysis of prestressed concrete sections is more complicated than for sections reinforced with mild bars because high strength prestressing steel does not exhibit a yield stress plateau, and thus cannot be modeled as an elasto-plastic material.
In 1979, Mattock' presented a procedure for calculating the flexural strength of prestressed concrete sections on an HP-67/97 programmable calculator. His procedure consisted of the theoretically exact "strain compatibility" method and a power formula for modeling the stress-strain curve of prestressing steel. This power formula was originally reported in Ref. 2 and is capable of modeling actual stress-strain curves for all types of steel to within 1 percent.
Prior to Mattock's paper, the strain compatibility method commonly required designers to use a graphical solution for the steel stress at a given strain. There are computer programs for strain compatibility analysis (see for example Refs. 3 and 4). However, these programs were developed on main frame computers for research purposes, and are not intended as design aids.
In this paper, the iterative strain compatibility method is coded into a user friendly program in BASIC. The program assumes a neutral axis depth, calculates the corresponding steel strains, and obtains the steel stresses by use of the power formula. 2 Force equilibrium (T = C) is checked, and if the difference is significant, the neutral axis depth is adjusted and the procedure repeated until T and C are equal. Users are allowed to input steel stress-strain diagrams with either minimum ASTM specified properties or actual experimentally obtained properties. Noncomposite and composite sections can be analyzed, and a library of common precast concrete section shapes is included.
A recent survey by the authors is reported herein. It indicates that the actual steel stress, at a given strain, could be as high as 12 percent over that of minimum ASTM values. Also, future developments might produce steel types with more favorable properties than those currently covered by ASTM standards. With sufficient documentation, precast concrete producers could use the proposed computer analysis to take advantage of these improved properties.
A second objective of this paper is to present an approximate noniterative procedure for calculating the prestressed steel stress, f, at ultimate flexure, without a computer. The proposed procedure requires a hand held calculator with the power function y'. Currently, such scientific calculators are inexpensive, which makes the proposed procedure a logical upgrade of the approximate procedure represented by Eq. (18-3) in the ACI 318-83 Code. ' The proposed approximate procedure is essentially a one-cycle strain-compatibility solution. The main approximation involves initially setting the tensile steel stresses equal to the respective
Synopsis
Flexural strength theory is reviewed and a computer program for flexural analysis by the iterative strain compatibility method is presented. It is available from the PCI for IBM PC/XT and AT microcomputers and compatibles.
Secondly, a new noniterative approximate method for hand calculation of the stress f P5 in prestressed tendons at ultimate flexure is presented. It is applicable to composite and noncomposite sections of any shape with any number of steel layers, and any type of ASTM steel at any level of effective prestress.
Parametric and comparative studies indicate the proposed method is more accurate and more powerful than other approximate methods. Numerical examples are provided and proposed ACI 318-83 Code and Commentary revisions are given.
yield points of the steel types used in the cross section, and setting the compressive steel stress equal to zero. Approximate steel strains are then computed from conditions of equilibrium and compatibility. The final steel stresses are obtained by substituting the strains into the power formula. However, the main advantage of this procedure over current approximate methods is its applicability to all section shapes, all effective prestress levels, and any combination of steel types in a given cross section.
The proposed approximate procedure is compared with the precise strain compatibility method and two other approximate procedures: the ACI Code method, which was developed for the Code committee by Mattock, 6 
PROBLEM STATEMENT AND BASIC THEORY
Referring to Fig. 1 , the problem may be stated as follows. Given are the cross-sectional dimensions; the prestressed, nonprestressed, and compression steel areas, A ps, A 3 , and A.;, respectively; the depths to these areas, dps, d18 , and d', respectively; the concrete strength f,' and ultimate strain E; and the stress-strain relationship(s) cf the steel. The nominal flexural strength, M, is required.
A procedure for obtaining the stress in prestressed and nonprestressed tendons at ultimate flexure can be developed as follows. Referring to Fig. 1(c) , force equilibrium (T = C) may be satisfied by; (1) where fp3, f"8, and fs are the prestressed, nonprestressed, and compression steel stresses at ultimate flexure, respectively; b is the width of the compression face; f3, is a coefficient defining the depth of the equivalent rectangular stress block, a, in Section 10.2.7 of ACI 318-83; and c is the distance from the extreme compression fiber to the neutral axis.
If the compression zone is nonrectangular or if it consists of different concrete strengths, Eq. (1) may be rewritten as follows:
where F, is the total compressive force in the concrete. The equivalent rectangular stress distribution has been shown to be valid for nonrectangular sections, 9' 10 so the area of concrete in compression may be determined by a consideration of the section geometry and setting the stress in each type of concrete equal to its respective 0.85 f,' value.
Assuming that plane cross sections before loading remain plane after loading, and that perfect bond exists between steel and concrete, an equation can be written for the strain in steel, Fig.  1 
where "i" represents a steel layer designation. A steel layer is defined as a group of bars or tendons with the same stress-strain properties (type), the same effective prestress, and that can be assumed to have a combined area with a single centroid.
In Eq. (2), E i,d ee is the strain in steel layer "i" at concrete decompression. The decompression strain, Ei.dec is a function of the initial prestress and the time-dependent properties of the concrete and steel. In lieu of a more accurate calculation," the change in steel strain due to change in concrete stress from effective value to zero (i.e., due to concrete decompression) may be ignored. Thus 
With the strain E i given, the stress may be determined from an assumed stressstrain relationship, such as the one presented in the following section.
STEEL STRESS -STRAIN RELATIONSHIP
In 1979, Mattock' used a power equation 2 to closely represent the stress-strain curve of reinforcing steel (high strength tendons or mild bars). The general form of the power equation is: These assumptions were made on the basis of experience gained from the shape of experimental stress-strain curves reported in Refs. 1 and 12, and in a separate section of this paper.
STRAIN COMPATIBILITY APPROACH AND COMPUTER PROGRAM
The strain compatibility method usually requires an iterative numerical solution because of the interrelation of the unknown parameters. A step-by-step application 3.13 of this method is described as follows:
Step 1: Assume a compression block depth, a, and compute the neutral axis depth, c.
Step 2: Substitute c into Eq. (2) to obtain the strain for each steel layer in the section.
Step 3: Estimate the stress in each steel layer by use of a graphical or analytical stress-strain relationship.
Step 4: Check satisfaction of the equilibrium formula, Eq. (1a).
Step 5: If Eq. (1a) is not satisfied, repeat Steps 1 through 4 with a new value of a.
Step 6: When compatibility, Eq. (2), and equilibrium, Eq. composite members. Users can choose from twelve common precast section shapes and combine the selected section with either of the two available topping shapes (rectangular or tee) to form a composite member. Four of the precast section shapes and the two topping shapes are shown in Fig. 2 as examples. Obviously, analysis is equally valid for cast-in-place members constructed in one or two stages.
Fully prestressed and partially prestressed members with bonded reinforcement can be analyzed, and any number of steel types or steel layers can be specified. Properties for any steel type can be taken from twelve types of steel, built into the program, that meet ASTM minimum standards. Ten of these types are given in Table 1 , and the other two are Grades 60 (413.7 MPa) and 40 (275.8 MPa) mild bars. Alternatively, properties for any steel type can , be assigned on the basis of adequately documented manufacturer supplied records.
Steel stresses are computed by Eq. (6) and force equilibrium is achieved by selecting progressively smaller increments of a. Any system of units may be used. All input data can be edited as many times as needed. This allows use of the program for either analysis or design.
The program package is available from the PCI for a nominal charge. The package includes a 5.25 in. (133 mm) diskette, and a manual containing instrtictions, section shapes, and examples with input/output printout.
Actual Versus Assumed Steel Stress-Strain Curves
In researching their paper, the authors solicited stress-strain curves from tendon suppliers and manufacturers. Seventy curves were received and their breakdown is as follows: 19 curves of Grade 270 ksi (1862 MPa) stress-relieved strand, 23 curves of Grade 270 ksi low-relaxation strand, 13 curves of Grade 250 ksi (1724 MPa) low-relaxation strand, and 15 miscellaneous curves consisting of stress-relieved or low-relaxation wire of varying strengths and 0.7 in. (17.8 mm) diameter ASTM A779 Curve BL represents a lower bound of 10 curves and curve BU represents an upper bound of the same 10 curves.
prestressing strand. Six curves for Grade 270 ksi stress-relieved strand, six curves for Grade 270 ksi low-relaxation strand, and two curves for Grade 250 ksi low-relaxation strand were considered representative of the data received. These curves are reproduced in Figs. 3, 4, and 5, respectively, and a manufacturer legend is given in 
For 270 ksi (1862 MPa) strand:
The figures show that the minimum ASTM curves are very conservative. The PCI Design Handbook equations plot closer to the actual curves; however, they are slightly unconservative in two cases in Fig. 5 .
Eq. (6) was used to model each manufacturer curve in Figs. 3, 4, and 5. The percent deviation between each manufacturer curve and its corresponding Eq. (6) version was computed for E = 0 to E ms . The maximum percent deviation for each type of strand for E > 0 and E 0.01 is shown in Table 3 , Part (a). The results of similar analyses for the PCI Design Handbook equations and Eq. (6) set to ASTM minimum specifications are shown in Table 3 , Parts (b) and (c), respectively. Prestressed concrete producers tend to buy their tendons from a limited number of manufacturers. Therefore, they are in a position to take advantage of higher tendon capacities with adequate documentation of the actual stress-strain curves and use of the aforementioned computer program.
Proposed Approximate Method
The proposed approximate method is essentially one cycle of the iterative strain compatibility approach. In order to get accurate results at the end of one cycle, initial parameters must be carefully selected. It is difficult to assume an accurate initial value for the neutral axis depth, c, due to its wide variation. Rather, the steel stresses are initially assumed to be at the yield point for the tensile reinforcement, and at zero for the compressive reinforcement. These initial assumptions are based on numerous trials and parametric studies discussed in a separate section.
The proposed approximate method can be performed by using the following steps:
Step 1: Set f , = f"5, f13 = fps or f5 , and f8 = 0 in Eq. (1a) and compute the total compressive force in the concrete, F.
=F'c (la)
Step 2: Set the quantity F, equal to 0.85f A,, where A, is the area in compression for a type of concrete, and solve for the compression block depth, a. For composite sections, there are as many 0.85f A, terms as the number of types of concrete in compression.
Step 3: Compute the depth of the neutral axis c = al,. For composite a All strand is ASTM A416; b6 curves, see sections, assume an average I3, as fol-whichever is applicable. For nonprelows: stressed steel f8, = 0.
Step 5: Compute the stress in each /3, ave. _0 85 (f^A C /3 1 ) k (II) steel layer a "i" by use of Table 1 and F Eqs. (6) and (7):
where k is the concrete type number.
Step 4: Compute the strain in each steel layer "i" by Eq. (2). In general, mild tension reinforcement, if any, yields for practical applications. Thus,
Step 4 may be omitted for this type of steel.
Note for mild reinforcement, it is where easier to use the relationship f; = E{E f,, than to apply Eqs. (6) and (7).
Step 6: With the steel stresses at ulti- 
NUMERICAL EXAMPLES
Two numerical examples are now shown to illustrate the calculation of the nominal moment capacity using the proposed method and to compare the results with existing analytical methods. In the first example (a precast inverted T-beam with cast-in-place topping), the proposed moment capacity is compared with the value obtained using the strain compatibility method. In the second example (a precast inverted T-beam without topping), the proposed moment capacity is compared with the results obtained using the ACI 318-83 Code method, the Harajli-Naaman method, and the strain compatibility method.
EXAMPLE 1
The nominal moment capacity of the T-beam shown in Fig. 6 is calculated by the proposed approximate method and the strain compatibility method. (63.5 mm) (ok)
Step 3: Compute average /3, from Eq (11). Ens,dec = -0.00089 and e ns = 0.00607
Step 5: Compute stress in prestressed steel. From Table 1 
Strain compatibility
Analysis by the aforementioned computer program yields: = 253.41 ksi (1747 MPa) = 173.23 ksi (1194 MPa) and M" = 2383 kip-ft (3231 kN-m)
EXAMPLE 2
The nominal moment capacity of the precast inverted T-beam shown in Fig. 7 is calculated by the proposed method, Therefore, the proposed method gives answers that are very close to those of the strain compatibility analysis. The other approximate methods are not capable of calculating tendon stresses in sections containing both prestressed and nonprestressed tendons.
the ACI 318-83 Code method, Harajli and Naaman's method, and the strain compatibility method. A discussion of the features of the other two approxi- A summary of the results of Examples 1 and 2 is given in Table 4 . It shows that all three approximate methods give reasonable accuracy for the section considered in Example 2; however, the proposed method has a slight edge. A major advantage of the proposed method is its wide range of applicability, as demon- 
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RECTANGULAR TEE Figure strated by Example 1, and further discussed in the following sections.
Parametric Studies
The proposed approximate method includes assumption of initial values for the steel stresses. Numerous trials were made, for a wide range of applications, with initial steel stresses varying from fpu to well below f,5. It was found that the best accuracy was achieved by assuming the tensile steel stresses equal to the respective yield points of the steel types used, and the compressive steel stress -equal to zero. The following discussion of Figs. 8 through 16 further illustrates this finding.
Sample plots of the results of the proposed method, the strain compatibility method, Eq. Table 5 . Loov 16 has recently proposed an approximate method. Unfortunately, the final draft of Loov's paper was not available in time to include his method in Figs. 8 through 16. For readers' convenience, the methods of Refs. 5, 7, and 16 are summarized in the following section. In addition, their main features are compared with those of the proposed approximate method.
For the parameters considered in Figs. 8 through 11, all three approximate methods are applicable. The proposed method plots within about 1.5 percent of the strain compatibility curve, and it performs better than Eq. (18-3) of ACI 318-83 and Harajli and Naaman's method. In Figs. 9 through 11, fr $ was taken equal to f5 in the proposed method because the mild reinforcement yields before the prestressed reinforcement reaches fPS.
Figs. 12 and 13 show the relationship between steel stress at ultimate flexure (A ps fpu+A ns fy -As fy )/f c fps f pu = 270 ksi, A ns / A PS = 0. 5, f G top = 3 ksi, f G PC = 5 ksi, f y = 60 ksi fI f=0. Fig. 12 , the proposed curve has a maximum deviation of about 1.5 percent. In Fig. 13 , the proposed curve deviates by no more than about 2 percent in the lower two-thirds of the reinforcement range, which is where most practical designs would fall. It yields very conservative stress values in the upper third. Fig. 14 shows the relationship between prestressed steel stress at ultimate flexure and effective prestress ff,, when the reinforcement index is held constant. The steel stress by the proposed method is in close agreement with the strain compatibility method for all values of effective prestress. The other approximate methods for determining ff are limited to cases where the effective prestress is not less than 0.5 fem.
Figs. 15 and 16 show the relationship between prestressed steel stress at ultimate flexure and total reinforcement index for T-sections. In both figures the proposed method offers better results than the other approximate methods. It should be noted from Fig. 15 that the ACI Code method becomes increasingly unconservative as the depth of the compression block, a, exceeds the flange thickness, hr. Harajli and Naaman's method correctly adjusts for this T-section effect.
In Fig. 16 , Harajli and Naaman's method was omitted because their equations do not explicitly show how to calculate fP8 when the depth of the compression block, a, includes more than one concrete strength. An example in their paper, however, indicates how to apply the assumptions of their method to composite members. If their method were included in Fig. 16 , it would indicate trends similar to those shown in Fig. 15 .
At this point, an important observation concerning the proposed method can be made. Although the proposed method is slightly unconservative, in some cases, with respect to the strain compatibility method in Figs. 8-16 , it must be noted that these figures are based on steel with minimum ASTM properties. In reality, steel properties are significantly greater than minimum ASTM properties, as discussed earlier.
Comparison of Approximate Methods
A description of four approximate procedures for calculation of f,, at ultimate flexure is given in Table 6 . Discussion of the features of these methods is given in Table 7 . It is shown that the main advantage of the proposed procedure is its flexibility. It is applicable to current material and construction technology, as well as possible future developments.
The ACI Code method is reasonably accurate and simple to use if the compression block is of constant width. Use of steel indexes can be confusing for nonrectangular section shapes. An improvement of the current form was suggested by Mattock, in his discussion of Ref. Loov's method appears to have a mathematical form that would give a better fit than the predominantly straight-line relationships of the ACI Code method (see Figs. 8-11 and 14-16) , and Harajli and Naaman's method (see Fig. 8-11, and 14) . It is limited in scope, however, to the same applications as the other two methods.
CONCLUSION
The flexural strength theory of bonded prestressed and partially prestressed concrete members is reviewed and analysis by the strain compatibility method is described. A computer program for flexural analysis by the strain compatibility method is provided in BASIC for IBM PC/XT and AT microcomputers and compatibles. Program users can take advantage of higher tendon capacities with adequate documentation of actual stress-strain curves. The program and its manual are available from the PCI for a nominal charge.
A new approximate method for calculating the stress in prestressed and nonprestressed tendons at ultimate flexure is also presented. It is applicable to sections of any shape, composite or noncomposite, with any number of steel layers, and with any type of ASTM tendons stressed to any level. Parametric and comparative studies indicate that the proposed method is more accurate and more powerful than Eq. (18-3) of ACI 318-83 and other available approximate methods.
The proposed method is illustrated by two numerical examples and results are compared with those of the iterative strain compatibility method and with other approximate methods. Proposed ACI 318-83 Code and Commentary revisions are given in Appendix B. Corp., and Sumiden Wire Products Corp. for supplying the stress-strain curves used in the preparation of this paper. The authors also wish to express their appreciation to the reviewers of this article for their many helpful suggestions.
COMPUTER PROGRAM
A package (comprising a printout of the computer program, user's manual, and diskette suitable for IBM PC/XT and AT microcomputers) is available from PCI Headquarters for $20.00.
APPENDIX B -PROPOSED ACI 318-83 CODE AND COMMENTARY REVISIONS
If the proposed revisions are incorporated into the Code s and Commentary,' the reference, equation, and table numbers given herein will need to be changed.
Proposed Code Revisions
It is proposed that the following notation be changed in Section 18.0 of the Code: Replace A 3 with A 3 , d with d"8, and dp with dom . Delete yp.
It is proposed that Sections 18. 18.7.1.B of the Commentary are valid except when nonprestressed tendon reinforcement is used in place of mild tension reinforcement. In this case the stress in the nonprestressed tendon reinforcement, f.^s , should be used instead offs. 18.7.2 -A microcomputer program for determining flexural strength by the strain compatibility method, using the assumptions given in Section 10.2, is available from Refs. A and B.* In lieu of the iterative computer analysis, the following approximate procedure may be used for determining the stress, fi , in any steel layer "i". A layer "i" is defined as a group of bars or tendons with the same stress-strain properties (type), the same effective prestress, and that can be assumed to have a combined area with a single centroid. The procedure given below is valid regardless of the section shape, number of concrete types in the section, number of steel layers, and level of effective prestress, f3.
A. General Case -Noncomposite or Composite Cross Sections of General Shape with any Number of Steel Layers
Step 1: Initially assume the tensile steel stresses equal to the respective yield points of the steel types used and the compressive steel stress equal to zero, and use force equilibrium (T = C) to compute the total compressive force in concrete, F.
Step 2: Using the provisions of Section 10.2.7, compute the depth of the stress block, a. For composite sections, the force Fe may have more than one component, 0.85f, A e , where f,' and A e are the strength and area in compression of each concrete part in the section.
Step 3: Compute the neutral axis depth Step 5: Compute the stress in each tendon steel layer "i" by:
. The constants E, K, Q, and R depend on the stress-strain properties of the tendon steel type used. For steels satisfying minimum ASTM standards, values for these constants may be taken from Table B-1.t The stress in mild reinforcement layers may be found using Section 10.2.4.
Step 6: If additional accuracy is desired, an improved value of a may be obtained by repeating Steps 1 and 2 with the steel stresses from Step 5. Take moments about any level in the section to compute the flexural strength, M,,. where "i" refers to ps, ns, or s'. The steel stress in each layer "i" may then be calculated by Eqs. (B-3) and (B-4). Normally, mild tension bars yield at ultimate flexure, i.e., e i ' e,. It is important, however, to apply Eq. (B-5) to the compression steel layer to verify yielding.
C. Improvements over the 1983 Code
The procedures described in Sections A and B provide the following advantages over Eq. (18-3) of the 1983 Code.
1. Steel stresses are more accurately determined.
2. The proposed method is valid for all levels of effective prestress. Thus, it is applicable to sections where both prestressed and nonprestressed tendons are included.
3. The method is not limited to sections where the equivalent rectangular stress block is of uniform width. Thus, it is applicable to all cross-sectional shapes.
4. Composite sections with more than one f,' can be analyzed."
NOTE: Discussion of this paper is invited. Please submit your comments to PCI Headquarters by June 1, 1989. 
